We discuss the range of validity of a modal description for the spatiotemporal dynamics of the optical field in vertical-cavity surface-emitting lasers. We focus on the secondary pulsations that appear during the turn-off transients when the injection current is modulated by a square-wave signal. We compare the results obtained with both a full spatiotemporal model ͓J. Mulet and S. Balle, IEEE J. Quantum. Electron. 38, 291 ͑2002͔͒ and a modal expansion derived from this model. We find that the results obtained from the two descriptions agree for strong lateral guiding. However, for weak lateral guiding we find differences because the optical-field profile changes significantly due to spatial changes in the refractive index induced by the carrier density. The reason is that in the full spatiotemporal model a shrinkage of the mode profile occurs, which leads to an enhancement of the secondary pulsations. This effect is not included in the modal expansion, and it determines the limits of validity of such an approach for gain-guided devices.
I. INTRODUCTION
Vertical-cavity surface-emitting lasers ͑VCSELs͒ have received a great deal of attention during recent decades, especially for their potential implementation in optical communication systems. VCSELs present clear advantages over the conventional edge-emitting lasers, such as singlelongitudinal mode emission, circular output beam, low threshold, etc. However, as the injection current is increased, they exhibit instabilities associated with the polarization state of the light and/or the excitation of transverse modes of higher order ͓2͔. These evidences motivate the understanding, characterization, and control of both the polarization and transverse modes in VCSELs. The high complexity of the problem arises from the fact that several physical mechanisms are involved ͓3͔; namely, diffraction, thermal effects, gain and refractive-index spectra, current distribution, etc. The initial studies of polarization instabilities in VCSELs ͓4,5͔ considered the polarization dynamics in the absence of spatial effects, but the increasing evidence of the interplay of polarization and spatial effects has stimulated research incorporating this dependence ͓1,6͔.
The numerical complexity of a spatiotemporal description of the VCSEL can be largely alleviated by expanding the optical field in cavity modes ͓7͔, specially for devices with a low number of confined modes. This approach has been extensively used in index-guided devices ͑air-post ͓8͔, etched mesa ͓9͔, or oxidized layer ͓10͔͒, where methods for obtaining both scalar ͓11͔ and vectorial ͓12,13͔ modes are well known. However, lateral confinement of the optical field in gain-guided devices solely relies on the spatial distribution of the gain, with the help of a generally weak, thermally induced lens ͓3͔. Different approximate analytical methods have been proposed for determining the modal structure of these devices, e.g., the complex square-law medium ͓14͔ or variational methods ͓15͔. However, their applicability to study large-signal dynamics in these systems is dubious because the modes can be quite sensitive to the spatial distribution of the carrier density, which in turn depends on the optical pattern through spatial-hole burning. The dynamical description of the interplay between optical field and carrier density requires consideration of the full optical susceptibility of the active medium, obtained either from microscopic theories ͓16͔ or from suitable semiclassical approximations ͓17͔. In any case, the gain and refractive-index spectra induced by the carriers, as well as their nonlinear dependence on carrier density, are required.
In this paper, we investigate the limits of validity and usefulness of a modal description of gain-guided VCSELs by analyzing the impact of the carrier-induced gain and refractive-index spectra on the stability of the transverse modes. We compare the results obtained from the spatiotemporal description and the modal expansion, under dynamical conditions. The study focuses on the off-state bounce phenomenon that, induced by carrier diffusion, appears under large-signal modulation of the current: secondary pulsations of the optical power follow the current turn-off transient ͓18͔. We demonstrate that there exists a critical value for the thermal lensing strength above which the predictions of the modal expansion coincide with those of the full spatiotemporal model. In the opposite case the modal description yields results that deviate from those in the spatiotemporal model. The differences arise from the dynamical redistribution in carrier-induced refractive index. The paper is organized as follows: In Sec. II A we put forward the model for the spatiotemporal description of the optical properties of VCSELs. Next in Sec. II B, we perform the modal expansion of the aforementioned model. In Sec. III we perform the comparison between both models, and finally Sec. IV is devoted to summarizing and concluding the paper. describes the lateral dependence of the slowly varying amplitudes ͑SVA͒ of the electric field around the optical carrier frequency ⍀, expressed in the basis of circular polarization components A Ϯ . The circular components interact only with spin-up or spin-down carriers, and the two carrier densities are coupled among them by spin-flip processes. Then the model constitutes a natural generalization of the spin-flip model ͑SFM͒ ͓4͔, extensively used in the literature to describe polarization dynamics in VCSELs. For a detailed derivation of the model and a discussion of the involved physical processes, the reader is addressed to Ref. ͓1͔. The evolution of the optical field and carrier variables is governed by
͑2͒
P Ϯ (r ជ Ќ ;t) being the SVA of the circular components of the active material polarization. D Ϯ denotes the density of spin-up ͑spin-down͒ carriers normalized to the transparency carrier density N t . The optical carrier frequency ⍀ for the SVA components of the electric field A Ϯ and the material polarization P Ϯ is that of the longitudinal mode that corresponds to an isotropic, laterally homogeneous distribution of refractive-index distribution n e . Dichroism and birefringence of the cavity are described by ␥ a and ␥ p , respectively. The deviations from the homogeneous distribution of refractive index due to either thermal lensing, an oxide layer or a mesa structure, are described by ⌬n(r ជ Ќ ;⍀) and included in Eq. ͑1͒ through the waveguide operator
where we have assumed weak guidance, ⌬n(r ជ Ќ ;⍀)Ӷn e and negligible dispersion of the excess refractive index distribution. The SVA components of the material polarization P Ϯ have to be determined from the optical susceptibility of the material, Ϯ (,D ϩ ,D Ϫ ), to circularly polarized light. The susceptibility components describe the gain and carrierinduced refractive-index spectra of the active region, and they must be known for the model be closed, although no specific forms are needed until Sec. III. Since in the frequency domain we have that
an approximation to its temporal evolution is ͓1͔
͑5͒
Then, in the above approximation the susceptibility components are evaluated at the instantaneous value of the frequency of the optical field, ⍀ inst ϭ⍀ϩi‫ץ‬ t A Ϯ /A Ϯ , hence the spectral changes of the gain and index are included in the dynamics. The meaning of the remaining parameters is summarized in Table I . We consider that the shape of the transverse current density distribution is fixed by the structure of the device, so that J(r ជ Ќ ;t)ϭeWN t C(r ជ Ќ )(t), where C(r ជ Ќ ) is the current shape and (t) its time dependence. Hence the total injected current reads
Finally, the last term in Eq. ͑1͒ models spontaneous emission processes in the semiclassical approximation. Ϯ (r ជ Ќ ;t) are random numbers with zero mean and uncorrelated in space, time, and polarization. Although noise effects are not essential for the scope of this paper, they may affect the performance of the system through switch-on time jitter, reduction of the eye diagram aperture, and mode hopping in the case of multimode operation ͓19͔.
B. Modal expansion
Obtaining the solutions of the model presented in the preceding section requires intensive computation due to the explicit spatial dependence of the optical-field components. Such an explicit dependence can be eluded, in the same way as in Refs. ͓7,18,20-22͔, by expanding the SVAs of the optical field in ''cold-cavity'' modes, ⌽ ml , of the transverse waveguide operator L . Then the electric field evolves accordingly with a set of ordinary differential equations for the mode amplitudes. The major inconvenience in such an approach is that the interaction with the active material has to be weak so that possible distortions of the cold-cavity modes can be neglected. In this paper, we demonstrate that the last hypothesis is not always fulfilled in gain-guided VCSELs and that there exists a minimum required lateral guiding. The modes ⌽ ml and the modal frequencies ml are determined by the eigenvalue problem ͓11͔
r g being the waveguide radius. The modal frequencies ml , which are found from the dimensionless cladding propagation constant W ml ,
describe the frequency redshift between the mode considered and the optical carrier frequency ⍀.
The solutions ⌽ ml define a complete set of orthogonal eigenfunctions, with the mode profile having (mϪ1) zeros in the radial direction whereas (2l) zeros occur in the angular direction. ⌽ 10 is referred as the fundamental mode, ⌽ 11 as the first-order transverse mode, and the remaining as higher order transverse modes. It is worth recalling that these cavity modes and modal frequencies are polarization independent, and that the cavity anisotropies that may favor one linearly polarized state over the orthogonal one have been included through the ␥ a and ␥ p parameters. We therefore express the SVA of each circular component of the field as
where a Ϯml (t) stands for the complex circular components of the modal amplitude associated with the transverse mode ⌽ ml , which is normalized such that
In the frequency domain, Eq. ͑9͒ reads
where ␣ϭ͕m,l͖ is a shorthand index for the transverse modes, with mϭ0,1, . . . , and lϭ0,Ϯ1, . . . . By substituting it into the constitutive relationship Eq. ͑4͒, we have
͑12͒
Since the modal amplitudes are nearly monochromatic around each modal frequency ͓ã Ϯ␣ (Ϫ ␣ ) 0 only when Ϸ ␣ ] we use the modal reference frames u ␣ ϵϪ ␣ for transforming to time domain. Using the same technique as before for performing such a step ͓1͔, we have
͑13͒
Upon substitution of Eqs. ͑9͒ and ͑13͒ into the field equation ͑1͒ and by projecting onto a mode ⌽ ␤ *(r ជ Ќ ), we arrive at the rate equation for the amplitude of the mode considered,
while by substituting Eqs. ͑9͒ and ͑13͒ into Eq. ͑2͒, we obtain
͑15͒
Note that the stimulated recombination terms in the above equation retain the local spatial dependence of the carrier variables. On the contrary, in the modal material polarization defined through
the carriers appear under an integral sign. Hence, the dependence of p Ϯ␤ on the carrier variables has a nonlocal character. p Ϯ␤ represents the projection of the active material polarization onto the modal profile ⌽ ␤ *(r ជ Ќ ), i.e., the carrierinduced gain and refractive-index change experienced by the mode. The model is thus similar to that developed in Refs. ͓7,22͔, where the spatial dependence on the carrier density is explicitly maintained for the computation of the modal gains, thus including the effects of spatial-hole burning. Our description, though, includes not only self-saturation effects of the modal gains, but also cross-saturation effects among the modes, because the ␤ component of the material polarization is not diagonal in the field amplitudes a ␤ , rather it contains a superposition of different contributions arising from all the modes. By taking the usual definition of the modal gain X ␣ Ϯ of a transverse mode ␣, as the imaginary part of the coefficient of the diagonal element of p Ϯ␤ ,
it is clear that the other, nondiagonal terms in p Ϯ␤ lead to cross saturation. Moreover, it is worth noting that the modal beat notes ( ␤ Ϫ ␣ ) appear in the evolution of the carrier densities, Eq. ͑15͒. These beat terms will be negligible when the frequency splitting between transverse modes is large enough, since in this case nonstimulated carrier recombination induces a low-pass filtering effect that strongly damps them, but not otherwise. We shall thus include in our description only the terms arising from frequency-degenerate modes and neglect the other ones. Finally, the statistical properties of the projected Langevin noise sources F Ϯ␤ (t) are
indicating that, in general, correlation may exist between the spontaneous emission terms in different transverse modes due to the limited extent of the pump region.
C. Injection and response of the active medium
For the sake of simplicity, we assume that the radial distribution of injection current in the quantum well ͑QW͒ plane is approximated by C͑ ͒ϭe
with ϭr/r c , r c being the radius of the contact. When n ϭ0, the current distribution is super-Gaussian and describes a disk-shaped electrical contact, while a ring-shaped contact is described by nϾ0, with larger current crowding the larger n. In addition, a truncated parabolic waveguide
mimics the effect of a thermal lens. ⌬n tl is the thermal lensing strength, Rϵr/r g , and r g the waveguide radius. Finally, we consider an analytical approximation to the optical susceptibility of the QW, equivalent to that given in Ref.
͓17͔, but for the circular components of the optical field.
This description captures the essential features of the gain and index spectra in QWs. The analytical expression for the optical susceptibility reads
͑22͒
The frequency dependence is incorporated through uϵ⌬ ϩ/␥ϩ(D Ϫ ϩD ϩ ) 1/3 , where ␥ is the natural width of the optical transitions, ⌬ϭ(⍀Ϫ g )/␥ measures the normalized detuning of the longitudinal mode resonance with respect to the nominal band gap, and (D Ϫ ϩD ϩ ) 1/3 phenomenologically describes band-gap renormalization due to Coulomb interaction between electrons and holes, being the bandgap renormalization parameter.
III. RESULTS
In this section we perform a comparison between both methods in order to discuss the usefulness and limits of validity of a modal description of the spatiotemporal dynamics. We focus our discussion onto the study of the VCSEL dynamics during turn-on and turn-off transients accompanying the large-signal modulation.
A. Single-mode operation
As a starting point, we consider the case of a single-mode VCSEL (r c ϭr g ϭ3 m) with a disk-shaped contact (n ϭ0) being modulated by a square-wave signal from the threshold to four times the threshold with a modulation period Tϭ10 ns.
In Fig. 1 we plot the results obtained from direct integration of the two-dimensional ͑2D͒ model ͑solid lines͒ together with those obtained after performing the modal expansion ͑dashed lines͒ for a relatively strong thermal lens, ⌬n tl ϭ10 Ϫ2 . The two models yield very similar results for the dynamics of both the power and carrier density, although it can be seen that for very low power levels, there are some small differences among them due to the different way of including spontaneous emission noise in each model. During the current switch-on, the intensity and modal gain undergo typical relaxation oscillations. Following the turn-off transient, we observe the appearance of an optical pulse, generally, with low intensity levels. We explicitly define a secondary pulsation ͓18͔ as the first optical peak that follows the current turn-off. This effect is also referred as off-state bounce in optical transmission systems using digital encoding ͓21,23-26͔. Since this is a detrimental effect that can affect the performance of the bit recovering process, it is imperative to have a thorough understanding and control of such a phenomenon, thus requiring fast and accurate simulation tools. Secondary pulsations can be characterized by two figures of merit, namely: the OFF/ON ratio that measures the power relation between the maximum of the first optical sec-ondary peak with respect to the cw mean power, and the time T off elapsed between the current turn-off and the first secondary pulsation. The presence of spontaneous emission noise induces small fluctuations in these magnitudes from one bit to the other ͓19͔. As has been already commented, these pulsations cannot be explained in terms of the typical relaxation oscillations that appears in gain-switched semiconductor lasers, since the bias current is usually set at the threshold or slightly below it. In contrast to relaxation oscillations, secondary pulsations are explained in terms of a diffusive spatial effect. When the laser switches on, the spatial-hole burning effect causes a hole in the center of the carrier distributions ͓see Fig. 1͑c͔͒ . When the current is turned off, the hole in the carrier distribution is filled by diffusion processes and, under appropriate conditions, provides extra gain during a short period that finally produces the optical pulses. Both models exhibit, for the parameters considered, anomalous turn-off transients with multiple secondary pulsations, whose peak power reaches about 40% of the cw power in both models. Also, the time at which the secondary pulses occur are almost the same in both models (T off Ϸ0.22 ns), and the degree of spatial-hole burning in the carrier density is also very similar. We also find that the strength of the secondary pulsations, OFF/ON ratio, decreases both when the bias current is reduced and when the ''on'' current approaches the threshold in correspondence with previous studies ͓18,20͔.
Performing the same analysis for a weaker thermal lens, ⌬n tl ϭ3ϫ10 Ϫ3 , the agreement between the two models becomes worse. Solid lines in Fig. 2 represent the results obtained by direct integration of the 2D model, whereas dashed lines are those obtained after performing the modal expansion. In this case, although the two models yield the same qualitative turn-off dynamics and they lead to the same cw powers, significant quantitative differences can be observed among them during the dynamics. In particular, the ratio of the secondary pulse height to the cw power ͑OFF/ON͒ is significantly higher for the 2D model (Ϸ22%) than for the modal expansion (Ϸ16% only͒. Moreover, the time at which the secondary pulses appear is also significantly different for the two models: in the first, the secondary pulse appears with a delay T off Ϸ0.34 ns after the current is switched off, while in the second, the delay T off Ϸ0.52 ns. Finally, the spatial hole burnt in the carrier density is larger in the 2D model. Further reduction of ⌬n tl leads to larger differences between the two models.
In Fig. 3 we compare the results obtained with the two models for the same parameters as before, but in the case of a ring contact with depth nϭ2. In this case, the carrier distribution develops a marked peak at the carrier crowding radius in order to provide sufficient gain to reach lasing in the fundamental mode, and the threshold is larger than in the former case due to the smaller overlap among the Gaussian mode and the ring-shaped carrier distribution. This effect finally leads to carrier distributions with strong radial gradients. When the current is turned off, this large gradient produces a rapid filling of the hole, providing small T off times and rather large OFF/ON ratios. However, the shape of the current injection does not affect the conclusions regarding the influence of ⌬n tl on the agreement between the two mod- els: the quantitative discrepancies between the two models are even larger than for the disk-contact VCSEL and they also increase as the thermal lens weakens, although their results match for relatively large ⌬n tl . In panels 2͑b͒ and 3͑b͒, we represent the evolution of the modal gain of the fundamental mode ͑obtained from the modal expansion͒. The modal gain equals losses at the threshold, X 10 Ϸ, which coincides with our bias current. Following the turn-on transients, we observe modal gain variations resulting from the relaxation oscillations. On the other hand, during the turn-off transients, the hole filling produces oscillations in the modal gain that finally lead to the appearance of secondary pulsations. However, as already mentioned, the spatial hole is deeper in the 2D model, which leads to an underestimation of the height and time of the secondary pulsations. In order to clarify the origin of these discrepancies, we have analyzed how robust the modal profiles are during the switch-on and turn-off dynamics due to the changes in refractive index associated with the carrier density. Any changes in the modal profiles are naturally accounted for within the spatiotemporal description, but not in the modal expansion. In Fig. 4 , we represent a cross-section of the optical profiles at different time stages. For large thermal lensing strength, the modal profiles and modal frequencies are quite robust against perturbations produced by the carrierinduced refractive index. In this limit, the modal expansion provides an accurate description of the turn-off dynamics since the modal profiles do not change. However, this is not the case when the thermal lens is weak ͓see Fig. 4͑d͔͒ . In this case, following the laser switch-on, we observe a considerable mode shrinkage. When the laser switches on, it produces spatial-hole burning in the carrier distribution. Thus, the resulting distribution of refraction index is disturbed, being larger in the center than in the carrier crowding radius. This leads to a waveguide that provides an extra lateral confinement of the electric field that, in turn, is responsible for the mode shrinkage. The above observations allow to simply explain the discrepancies between the two models observed in the dynamics: for weak thermal lensing, the passive waveguide is noticeably distorted due to the carrier-induced index change, as can be seen in Fig. 5 . The extra lateral confinement of the field in the 2D model due to the spatial hole burnt in the carrier density favors the activation of secondary pulsations, which are stronger and occur sooner than in the modal expansion method because in this case the field is less confined to the injection region. From this analysis we conclude that in the single-mode case the modal expansion method requires ⌬n tl у5ϫ10 Ϫ3 for having good quantitative agreement with the 2D model. Qualitatively correct results can be obtained with the modal expansion method for ⌬n tl у3ϫ10
Ϫ3 . Below this value, the modal expansion approximation can no longer be used, since it leads to qualitative discrepancies with the 2D model.
B. Multimode operation
As a final example, we consider a multimode VCSEL with larger radius r c ϭr g ϭ4 m, and moderate thermal lensing strength ⌬n tl ϭ4ϫ10 Ϫ3 . So, the transverse modes involved in the dynamics are the fundamental LP 10 and the first-order transverse LP 11 modes in any of the two possible polarizations. In this situation, we analyze square-wave modulation of the injection current. FIG. 3 . Typical secondary pulsations during the turn-off transient of a VCSEL with a ring-shaped electrical contact with (n ϭ2). Secondary pulsations from the 2D model OFF/ON ϳ59% and T off ϭ0.22 ns, and from the modal expansion OFF/ON Ϸ40% and T off Ϸ0.30 ns. The remaining parameters are the same as in Fig. 2.   FIG. 4 . Optical profiles computed from the numerical integration of the spatiotemporal dynamics at different time stages: beginning of the laser onset ͑solid lines and circle͒, under continuous wave operation ͑solid lines͒, first peak of secondary pulsations ͑dot-ted lines͒, and first optical valley ͑dash-dotted lines͒. The mode shrinkage is ͑a͒ ϳ7% for ⌬nϭ10 Ϫ2 , ͑b͒ ϳ12% for ⌬nϭ5 ϫ10 Ϫ3 , ͑c͒ ϳ17% for ⌬nϭ3ϫ10 Ϫ3 , and ͑d͒ ϳ30% for ⌬nϭ9 ϫ10 Ϫ4 .
The total intensity and the intensity of the secondary polarization component, obtained from the spatiotemporal model, are separately depicted in Fig. 6 . We considered that the fundamental mode resonance is blueshifted with respect to the gain peak by ⌬ϭ1. The general trend observed is that both polarizations initially switch on carrying significant amount of power. The secondary polarization remains active during a transient time, ϳ1 ns in the figure. When the secondary polarization reaches the noise level, the total intensity undergoes additional relaxation oscillations leading to a reactivation of the secondary polarization. In order to better understand this phenomenon we have analyzed the computed near-field images, shown in Fig. 6 for certain time stages. The result is that ϳ1 ns after the laser switch-on, the firstorder transverse mode starts lasing in the secondary polarization ͑dashed lines͒, and coexisting with the Gaussian mode until the current is turned off. By analyzing the evolution of the near-field images in the dominant polarization, we observe that the orientation of the LP 11 is not fixed, but it rotates between the cos and sin modes. Following the current turn-off, we find that secondary pulsations take place in the fundamental transverse mode and that both linear polarizations carry significant amount of power. Even though the role of higher-order transverse modes is to suppress the magnitude of secondary pulsations ͓20͔, we can still observe an OFF/ON Ϸ6%.
The modal expansion allow us to easily follow the separate evolution of the transverse-mode amplitudes LP 10 and LP 11 ͓Fig. 7͑a͔͒. The fundamental transverse mode is initially selected. Then, as a consequence of the global increase in carrier density and due to the spatial-hole burning in the carrier distribution, the first-order transverse mode LP 11 can profit from the available material gain. The first-order transverse mode switches on at tϳ1 ns, causing additional relaxation oscillations. This mode coexists with the fundamental mode until the current is turned off. Secondary pulsations appear in the fundamental mode and they have similar OFF/ON as those obtained with the spatiotemporal model. In Fig. 7͑b͒ , we represent the evolution of the modal gain for both transverse modes. During the current turn-off the X 10 modal gain exceeds the losses during a short period, which in turn originates the appearance of the secondary pulsation. However, the monotonic decrease in modal gain of X 11 is worth noting: when the current is turned off, there is a sudden interruption in carrier injection at the edges of the distribution that produces a worse overlap with the mode LP 11 and thus a decrease in modal gain. The rotation of the LP 11 mode is also found in the modal expansion, resulting from the cross-saturation terms between the two degenerated firstorder transverse modes. The reconstructed near-field images in Fig. 7͑a͒ are in good agreement with those computed from the full spatiotemporal model.
IV. CONCLUSIONS
The usefulness and limits of validity of a modal expansion for analyzing large-signal dynamics in gain-guided VC- FIG. 5 . Evolution of the active-material susceptibility obtained from integration of the 2D model. Cross section of ( * ) the optical profile in arbitrary units, (ᮀ) gain Ϫ⌫ Im Ϯ /(2n e ), and (᭝) total index of refraction ⌬n(r)ϩ⌫ Re Ϯ /(2n e ), in dimensionless units. Two time stages are plotted: the beginning of the laser onset ͑dashed lines͒ and cw operation ͑solid lines͒. The same parameters as in Fig. 2 SELs have been investigated by comparing the predictions of the modal expansion method with those of a full spatiotemporal description of the system. The modal expansion presented in this paper generalizes previous models by incorporating polarization effects and gain cross-saturation terms among degenerate transverse modes. The comparison has mainly focused on the secondary pulsations that appear under square-wave modulation of the injection current. We have found that the modal expansion yields qualitatively correct results for thermal lensing strengths above ⌬n tl ϳ3 ϫ10 Ϫ3 . However, quantitative agreement between the two models requires ⌬n tl Ͼ5ϫ10 Ϫ3 independently of the shape of the current injection. This value of ⌬n tl is about one order of magnitude larger than the contribution arising from the carrier-induced refractive index, thus confirming that the discrepancies originate from the fact that the modal expansion neglects the effects of the carrier-induced index of refraction on the modal profiles and frequencies: for weak lateral guiding, the mode profiles significantly change during the evolution. Furthermore, we conclude that the practical applicability of the modal expansion is limited to small VCSELs where a reduced number of transverse modes is involved. Otherwise, the computational times required for accounting for such a large number of modes is nearly equivalent to that when directly dealing with the full spatiotemporal model.
